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"• .. 'ABSTRACTq~The growth of a vapor bubble in a sutperheated liquid to controlled bythree factors hi the the liqud, the surf.ace tension, and the vapor

*pressure. As th bzbble grows, evaporation takes place at the bubble boun-

•day. and the temperatire and vapor pressure in the bubble are thereby

decreased, The hat Iflow 'aqL.rement of evaporation, however, depends

on the rate of bubble growth, so that the dynamwl problem is linked with a heat

diffusion problem. SInce the heat diffusion problem has been solved, a

quantitative formulation of the dynamic problem can be given. A solution for

"K) the radius of the vapor bubble as a function of time is obtaim4 which is valid

for sufficiently large radius. This asymptotic solution covers the range of

physical interest since the Iadius at which It becomes vauld is wear the lower

limit of experimental observation. It shows the strong effect of heat diffusion
on the rate of bubble growth. Comparizon of the predicted radiu3-Ume be-

bavior is made -vith *psrim:ntal observation= In supIerbat2d water, and very

good 3roament 13 found.

"I. INTRODUGTION

SWhn tie vapor pr*33uz ia a liquid e.-c€_,3d3 the ambi..lt p-" auz-, it

btcamas poa3iolb•- tor a vapor bubbb3 to Oro'w from a ormall "nucl-uz" iii t

licjnid~. Thbi-3-icl-au: 13 a r-2jiona oZnoaUi~d Ph-13 anad 3uabyc U

of a.333 0?" vh-o" pba3e s*taýIUid on a slid a 1particz. T•-• wt* •:o.'• of

a vlor b'~h, o lc x -ti, 13 by tha zi'z!axc2 ta:12l ~

l~iza-11~a, zza 17,3w~c % v~~J~ ~itn V'ý. bulobl. anLd

tha 2mbIn, C ... in%.,h p'3Jju;a. ja lh inilial 3tat3 oi the buYa!- X-ptan-

-4' , ¶.,;2 lwr -0,c3 a-. w31171y in equllb?1ua1n, VIA 7O'.Vth 13 31loýV bU). it i3
ac.-,.c -lAh incrva3-t in buabl2 3izv b•c•u,• of the r-iducllan Li hin a, z

t , ;h- t>! ria, of bibblZ Sro-:,Lh b-comn-i app,:-cii•l-, ho-v•, the

tr•p•.pzlW-.- and hzic- t•,' pre.•iure within the bubbla drop and the rat-. of

g1o1vth iL dc-d On rnl3ht U% rt, • e-, pect a m3cimum in the vzlo-

city of the bubble wall. The reduction of ths temperature within the, ::,)bka is

a con3equance of the -tte-at heat require rn:.nt of the e •,r•i.= hic. .Aýr
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plac. at the vapor-liquid Interface as the bubble grows.

For the quantitative solution of the problem, some simplifying PhYsi.
cal assumption* may be made, The example considered in detail have is that
of a vapor bubble growing in moderately superheatsd water'& and the arguments
for the validity of the ge~neral assumptions are justified for this came.

It will !ýs assurned1 that th3 bubble is spherical throughout its growth.
This assumption is reasonable provided the radial acceleration and velocity are
small, for with a spherically symmetric extasnal pressure field the spherical1
shape wiln then be. stabue under thea actloweL.Siwface tension.1

Zactuded froms consideration is-the'asynimetric, buoyatat force of
gravity which becomes importanit Hf the bubble growth"id followed for so lonS a
time that a uIVahficant translational velocity is acquirod. A translational velo-
city of the bubble a's &'whole not only causes r. deformation In- shape but also
Increases the raftaof htzt inflow to ths bubble over that used in the analysis

presented below I. 'In t.vatar superhe-ate:d b7 about 100 C, no 37eat error L3 intr--O
duec-d by the buoyant force provide-d the bubble arowth i3 n~ot fol1o~nd 2:eyond a,

radiUs Of LP'Proalmat*ly I MM.

For a 3u;parbzat at 100 c. in a vapor bubb1s grows from its

initWa mi~croscopic 3ir32 to a radiusat 1Z mm in a--ti=-_ of V_.e ozdla! of 10 milli-
sec. T~i cvrre* .ozdi~3 uvera,7e raWil V~a1Cit-T of 10 C-M/f2c 13 VZ77 3=2111

coii~it~t~i ~eV-10ciry 01 joklad La~ C'.. 11:i~d, so that c-m-pr 3cijibil 3Ct3

M~ b zed7-. 7 a23isCted in V12 motVo-i 01 L111licjxid p~oduc~d b7 Ca-
37-7h It =17, 31301- *be xn~ that viac-OU3 ar3ihCb -ari ui-:otrx!=, T-',

h',d~3y~nmic tiO-A Of MDUOn, WvIMC% CC-!Iai= tý 013C'. 10Z t::1i~~. U Ibis.

th-it d-2i~:1!31-jity1 13 .3 a-mll -t.it itb in~z411. q!1tct3 m-iy be- rj3'2td It
Vt L&Am 3i -arn woullil.c!i a:p-1iU3a to a fluii of mi1ijiIA- 0_-.nity

t:'it tCs rMM~ al tj%3 wsno- T .jloai =-Ay b3 tahen a;) uall::i~n.ip a3 ddi-2on,

sizcs L%-. acou3tic volocity In th3 VJPOr i3 0o0ae th1 PZ33jurl withina Z%,

V3Wor fol!0;ws ypacticaliy intn h~ix'ou-ily its valuz L Catt bub'31:: t731i. %Yh3n the

114A. S. JPlessato J. Appl. Phyi., in press.

F I. R. rru~~ Z 6-1, lIydrolynamric.-, Lb, rory ~ifr~-
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*. velocity of the bubble wall is sufficiontly slow, the pressura of the vapor is

given by the equilibrium vapor pressure of the liquid. That this is the casa

for the present problem may be seen as follows. The mean velocity a pro-
priate for the rate of evaporation from a liquid surface is (S T/IZM)1 72

where B is the gas constant, T the absolute temperature, and M is the

molecular weight. This velocity must be reduced by the coefficient for evapo-

ration which has the value 0i 04 for water. 3 The critical volocity for a water

surface at approximatalj tO0 C is therefor* about 3 m//ec, which is appre-

clably greater than the radial Veloclies encounitred hare, so that th3 preseUre

deficiency from the equilibrium vapor pressure may be neglected.

The tempe~i ture, of the vapor would, in general, vary with position

in the bubble as well as With time. The approximation wil be madde, however,

that the thermal diffusivity D' of the vapor Is so large that temperature
gradients are negligible within the bubble. In water vapor the characteristic

diffusion length (2Dlt)!/z is, 0. 24 cm for t a 10 sec. For the rteatest

superheat conzida3red Iters ( 0oC) the b-bqbl2 radiu3 at thia tirnU i3 approx-

imataly 0. 1 cm, whici i 3i•inivantly amallar than the chbarctarlldc dilwuion

len3 tlu The app~ro•imation of uniform tamperature wMin th. va;oT iov•-3

with decreace in auparheat.

In 3u==m27y tp !%-;ical nmolil u.ýon -Aich th• calculalion3 ara bad

con~,iata of a ophi~Ac:il v?%-O7: bubblz -.-hich haý uz.iforrn tn'.,aatl

pr=e332uxr; the t.-.e~.au?2 ol Cia va-por i3 Viat of thea lituid at 11bTh½ 1111

and the prosUu1-2 t3C;2- Juibrium va'ýr p:.ajur for tVa i teatr.. In

additiao. Viathe e.Uect3 of VdenO-ity and c aibilitye a7r in 3l'C. 1-0:X In toa

"20pr and in th3 Uullui~3

The: equation at rnotion for 111-z re,3iu R al the bu-,i!h li a navi jCOU3.

i!%OMrn-23331b1J liruii a.3 3 fcnetion of tihrn3 13~

~~Ih)Ze p 13 the uq'd c1~n-iit, P~ 13 th2 e:ctin-xl pra3aurJ- in liu. or

thZ pr723ure at irdInit7,' a4d p(3) is ih; przc3ur- i," the liquid at Vh:. bubble -

S3G. NYylli-, Proc. Roy, Soc. (Lo~idon)A V)7, 333 (1949).
4 H. Latmb, Hydrodyn ili•c1 (DPc-%,r Putb. New York, 194-5);

M. S, Pic i.wt, J, Ar--', M-. ch. 16, ?.77 19' •.



boundary. A dot denotes differentiation with respoct to time. The pressure
• IR) is given in terms of the vapor pressure pv within the bubble by

p(R) p Pv(T) -Z ,/R

where r' is the surface tension constiat and p,(T) is the equilibri= Vabor
pressure for the temperature T at the bubble boundary. In the fotlcwing.
the smnll varitions of a and p with tamperature are ne3lected. It i3 -on-

vonint to introduce a radius R. defined by the relation

Zr/Ro , pV(To) - , (3)

In which ") Is the temperature of superheat of the liquid at a distance from
the bubble. Physically. R0 is the effective initial radius of the bubble; it
represents an extrapolation of the free spherical bubble down to thM equilibrium

radius for the given Initial conditions. It should Us noted that a bubblt at rest
with radius Ro is in unstable equilibrium. The. actual nucleus from which.
the bubbla Sro&.7 i3 not neceooarily spherical and its surface ener37' ma- b-.

appr~ciably7 1i3 Cm= 4:rwR% ; hov•vnr, t4e nucleu3 from which tha bubb~e
Sro-,73 and L•z fro sp~arical bubbl3 of radiu3 R. s both in unstabl- equili-
brium at the tp,%raturc T as.d external -P$. 3Ur PO. Table I f'tz a set
of valuits of R at variou3 3uprhzat t2rnperature3 in .vntz. for a preri3ur of

PO of aitim.

0 be wrttatltrso d2 param •)- R ,(o ÷ (•.l~m oyb - •o/,a•)

Zi(T -it p

If t•.• c•Unj •.t oi• e•.or.o i, di•'-r3rd.•d1 so ti• Pv,(T) d v(T(T) -Q

(3) may b inm. ,.•tqd to 3 iv3

b0/ o -Sr/a 0) -no o
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This solution will be referred to as the Rayleigh solution. S For R> > Rot
Eq. (6) becomes

a. 4 (7

which is a constant,

The actual motion deviatos markedly trom that pndictsd by the
Rayleigh solution because of the cooling effect. The heat 0 which must

be supplied to the bubble per unit time is

'6. (4w/3)L I (R3 p) . (8)

where L is the latent heat of evaporation per unit mass and p' is the vapor
density. This heat is supplied by codukctios from the lquid into the bubble

so that

Q "4rtRZk (aT/Ar)a . (9)

whore k is te thermal conductivity of the liquid and (8T/8r)a i3 the= temper-

ature Zvadient in the liuipd at the bubbla boundary. Hence,

=,/a~ £. 4__ -•(7 3 p,) . (0)1

T12 am.±U v~xit~k~on ol L =4 ti witha =3~rhr r naJI1zchJ. 11 =-%y be
s~za-.-n That tbs ccatributin-Acltbs tarm=r~r~n to d-p'/41- is i

t:,n tbat from thu tamn p.norzonal, to d/Ctt. jzualion (0nxbtApr
i,.,-ed, the3relon 9, by C.

(CLa.) p'A) a,/0 . (11)

Tb1 a~ron~tomij ptiuaflb13 ~Y%:11-1f7 :A. c--'Z v 3zn lc? by
orbrs oX Qma~initutd. %VAila t:3 va-oc d2nhW;z chain232 v2r7 UtM In-3t of
thn small tsmpurnture dacr-nn3ae durin3 the bubbla 7ro-xth.

Equation (11) toj.t~3r with the specification of thn tbmperature at

5The sol'ition for thc motior. of -n'2l u.42Ur zuU-:: Const-tnt pjra s-zu:.
conP ' fonl was,-iv-n b y i " hil, . 94 (19y17) •:-,! by
to Elii C1-3! f or roll: fI~l' 'W'

I'
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Infinity To determines the ter.perature field in the liquid. The solution for

this temperature problem with the moving boundary R(t) has been found6

under the assumption that the drop in temperature from To to the value T

at the bubble boundary takes place in a layer of liquid adjacent to the bubble

which has small thickness compared with R(t)o This approximation of the

"thin tharmal boundary layer" is justified physically because the thermal dlffu-

sivity of thM liquid is small. The approximate expression for the temperature

at the bubble wall Is 7

I/ t A 2 XBT/ar)
T 0  Af (.2- f. W~/r~ dx *(2TO 9° "("•'} J

fx, R"(Y) dy .

The temperakre T it thus given in terms of R and R by Eq. (12) so that

pv(T) is *L13 specified in terme of these variables. Equation. (S) and (12)

tharefore daterraina the dynanic pzoblem of the bubble gro-.vth.

IL SOLUTION OF TI- EQUATICON OF MOTIO?1

EqaallonA (5) and (12) are conn4mctVd - t equilibzium va-;.r p-r3-

Bsur i3 spiciZfid a3 a funcimo. of te•ee:r•bir3. For sup:rhzato not too Zir

abo-7, 0-, bofllz 3 t2=-praturs Tb al th! LUquid at tha vtternal 23UJ'

the va~or =iar f~7 ba appro~d=362-d b-1 a haaaza fuznct.o2 -). th2 .-3itu-a

i~ P(T) -"Po

For TT 0o, Eq. (13) nivzj

2u/p • A(T-Tb) ( T)

bocau:a of Mq. (3).

6 M. S. Pleaet and S. A. ZwicZh, J. Appl. Phy3, 23, 95 (192).
7 Rf. 6, Eq, (O). The error in Eq. (20) may be estirna.cd from-. Eq.

(31) of thi.3 redrer.cz. For the probl.,n d'3cu-;.id her,. it wa3 foun.I to b2
'les than 13•13' of th! diffc~rcncc T - T at aiy -
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Equation (5) may now betrittan as

I d (• 3,•Z) a A(T")+ - R

wow0 0 (5

It is convenient to use In place of R tha dimensionless volume ratio

p R3/aR3 , (16a)

and in place of t the di nsiontess variable

I't
u 4 (I/Rt) R4 (y) dy , (16b)

where the constant a is defined as

1/'2
CL (16C)

and has th &X ions of recipzocal ti=m. Equation (15) then 13 ran;forrned

"* to

P P3 = I- -1 (17)

in •hvich p, =clP/du and the d3inen.iionl•e3 pararnmte e p ij 3ivn /;

A= --- (la),

T>i -,hpical qu~nitu of intirzi 37 noV e-.PT'3J3Qd a3 f0111W3:

))



t I dv(19a)

R R 0 I (19b)

3ve
R a R oR/3)p"p (19c)

Tio a O I p'iv) dv (19d)
T~ ~ f* T A m rnij

The values of the radiu~s R for which experimnatal observations ara

readily obtainable are much greater than RA so that the asymptotic Solution

of 2%. (17) (p *o 1) is of the greatest physical interest. it is of Lanartmnee
hoemyer, to examine tka initial stapes of the bubble arowth since a yzaUtative

dsscriitlaa of this portioa of the probl3m 13 nzceso*zy for an umdar3t;=dia3
Of Cý* *a~YM~toUc COlUUioM. It VMI bg 2b*WSa tt t!% 301utiZrn iU tl= 3YMPtO tic

r~~aIs 13 mt a~Zbcld by tbs d2tai13* of the miilsmatica1 modtl uamd to -';-3cribe

th3 Vabivior of L Is 2'%bl3 fo? R nsar R.* so that U12 Uncert~ainy in t.%- 3ux-
faica oaz'37 f'or 'FlaU V,11%= of It caui.ss no M111culli.13 In the ]PpA~C-11

&;Ucatons tV be c=Z bar::.

It i .1A 1 .a 1."o'm MI. (17) Clak a bUY31. OZ raiU3i R0 (w? 1) -%.'117

at 7-331 (p'(0))a.0) t-411n m at x~al% ia uvT qUibrium. T:11 -:j.Oý-!n

Vaprlivala rm~i%3a13 Wihlit V.All bl COAAZ137-34 h37- 3 1 A;Cjl L1

CIS t-ImMP2731%7 Of t!' Wjjiil.3 Su2poji.j for tmp1; Elt E~ri 13 a1m4ta

Dh-,it Of~c ftrT)A93!: a P3:r uitl VOlurn3 30 th'it th: arnount 01 ha -02

ipiz =Alt VOlUM3 7) f ? 0 t 2O to t 2t L3

-nz a t * (0

Th~n, ift El: temperature of th3 bul!; liquid 13 T0at t = 0, at tirn3 t it will be
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Too To +1 /PC 8. To + VoD/k

The heat flow poblem may be solved6 for the boundary conditions of Eqs.(21) and (10). and the temperature at the bubble wall is given by replacing
To in Eq0 (12) by Tm40 In place of Eq. (19d) one has

T a To+ DA - 4/ A R ef•a f u Zo(

The extension of Eq. (17) to include the heat source term is thus

I d _pp(P)dv 
AD

0

For values of p near the initial valbe of unity, one may writa
iu

at a dv a

wh3re the 3ub3titution for t (ollo-r.3 from Eq. (19a). Equation (23) now
b3corn?3

SPp z P(- - P yu

ADa 
(24)

T~h con-t~mt y is extr•n•aly amall; for exampl3, in w-ata.r wvit. a t-..rnpara-t ure rij* of I C/aec and R° a 10a cm, y is approximata-1 10-6 Th.smanillna of ths constant y lrnpli3-3 that ths forced growth away from theunstable equilibrium point p-= 1, p' = 0 is very slow until the bubbl;ý radiushas increased sufficiently for th: surface tension to be partially "relaxed".
Thi3 initial slow growth 13 a d..•lhy p riod in th, bubbl: -cro',vth, fo'- t)i



WAbbWt nadius okangdis vevy tittla until the ternajhthg fetm ot% the right sida of
Ilqa (alt) beeotkae atptreciabt•o Tabtdbbie Orow*tb Is then si rap~id that the
change ikh the bulk tomperaturq o( the U40Aid is insignificant, and the term in Y
may be neglected. The delay period effectively gives an initial value of R
slightly greater than R f .rom which the imp6rtant growth begins. An approxi-
mate solution may ba found for this initial period of forced growth from the
equilibrium point by linearizinS Eq. (Z3') ; that is, by neglectin2- terms of the

second order in p - I and its derivatives. The details of thin calculation will
not be presented here ; but, as would be expected, the forced growth away from
the equilibrium has an exponential behavior:

RAS [ (25)

The temperature at the bubble wall is given approximately by

T T- (2S)

Th con3tant t3 i that root of thz equation

for -.?%iC! J51/2 i•13oi~ at

B, 05-o*.vh 3ý!%viox for 21. )'Ro

Alttir %N.e bub'blb .o'-.-Ah ha• bajn Initiated, there Bi a rapid ri it in the

vlIocit'- A u,'AIt tl-. Coolin; -})rct :acomn iror-a - Thi buol -a-411 iralo-

cV • . continuous17 f.,. t o•2tvaflo:nI on bu:l.b3 57ovh in

tVal: :r-ion .r,. a3 ytt availibbl and th. dtaiz3 of tih3 aaly.3i3 tVill b3 omitted.

E-1. (17) vihjic ij ch1r actz:i-'-d by tVi limitizj eftf=c3 on R of tha h-it dil!Iu-

siia from th: liquid to th-. v.apor. A3 R incr•ýasa,, t• t•mperitura at tha
bubb~l will da "iaa3" 3taidily, but it cannot fall balow Tb ; for, if thi vapor

tarn.-3.rature f Celoow Tb, thz pressure diff-renc- P 0 would becor"a
n-iv� and t )ubble growth would be arrestzd an-i eventually rcverscd. Such

i)



behavior is excluded on physical grounds. It therefore follows that the in-

tegral on the right hand side of Eq. (17), which t. proportional to the tempera-

taure drop at the, bubble wall, must approach a limit as t or u -+ ca A

further physical argument determines more precisely the asymptotic behavior

of this integral: The left hand side of Eq. (17) represents essentially the

acceleration effects of the bubble growth in the liquid. As the bubble grows,

this acceleration tends toward zero because of the cooling effect. It therefore

follows that

ILf .nI( -v)"" U as o (27)

This asymptotic relation may be inverted to yiel)1

2 1/2as -oo*(8P(U) u u. as/ U ,--*Go z8

I this result is substituted in Eq. (17), it may be verified that Eqs. (17),

(27) and (23) are, in fact, consistent.

Equation (28) is not yet uceful since it provid9s no maans of matching

the indicated asymptotic solution of Eq. (17) with a solution valid for small

valu-s of p. The posnibility of matchin3 solutions dcpznds on t• possibility

of shu, tin4 thta asymptotic nolutlon in t (or in u) so as to account for the

delay1 period in bubbl3 Growth. It ij n€czosar7 that one bL- fra-i to 3hbi tha

asymptotic aolution 3ince tha duration o tUtz d.lV y period dzep.end; complbttly

on the choice of the heat source term whita thZ subsequent behnvior of thU

bubble i3 independant of this term. A rnman; for making an arbitrary tirm

shift i3 furni:%T:ad by notin3 that, in nddition to the asympto tic oolution of

Eq. (23), q*(17) also poasas3::-. the solution p(u)= 1. It will .1hs.rsiore be
aniad th -h a•iymnptotic solution 13 dnocrib:d by

p(u) = 1, 0 < u <ul (29)

zu -- ,7 _• e.(/3p,.4•,o
I~ld I d 7 (p / P? >u|. 130

fu, U.vpp 
6 pt du

811

8Equation (27) is multiplied by (z-u)"l/Z and intz3rant-.d from
u=0 to uzz to give Eq. (28).



From Eq. (19a). one has corresponding to Eqs. (29) and (30)

"U O<U4Ul *

t1 (31)

"1 dv

so that u1 /G represents the duration of the delay period in the growth. The

Urte delay may be introduced explicitly in the asymptotic solution for U > u1

by use of the fact that, if p(u) is a solution of Eq. (30). p(u+ %) is also a

solution where u% is a constant. A consistent scheme for continuing the

asymptotic solution may then be found by taking the solution to be of the form

=1_ 0 <_u I (31a)

p u) N OW (u-+Uo01. + b. + b" ,(u-% )

U > a (.32b)

, to :•., 9  When the coWificiznt3 bk have b2,n detarmin-d, thl

, (u-u) is fL-cad by th•- riqutlr-mant that p(ul)= 1. Th- dlay
pario~i i3. tVhn dztzrminad by tha choice of uo

*YWhan (3%b) 13 aub~titulad in th: inla3ral on th2! W.t 3ide of Zq. (30)

the ra:3ulb .110

. r( /6) b r .1/5) b(.)/

b 4 a' 2(/6) b_ b6

""+ r-/- b4  - b5  b 6+-zi r" z/6 "UUT 3 ~/) uu0(

Ii _ ___ ____ ___(33)

9 n/m

and n arc inLagvLrs

SIOS,ý, th2 appenai:z for th,! cvaltation of the integral.



By Zq. (30), this expreasion is also asymptotic to

. - .La("= /3p,( ) . (34)" 1 p-• 6p' du

It (34) is eCpanded by (32b), .the coefficients of corrosponding po'wers of(N- u%) may bo equated to give a set of sucCc8sive equations for the para
meters bN, h2 . o. .b 6  At each step, one has a linear .quation for the
unknown parameter. A tabulation of these parameters for various superheat
conditions in water for an externa pressure of 1' atm. is ivArn in Table U.

The leading terms in the asymptotic solution ree

p (R/RoV~L U1/2 (+o(.il/6)]

W At

Thua,

, I • ,Zt~~ [ l+oci1/ZJ ; (35)

T*Tov - 1 +÷0(%" (31)*A

li ~Th• vapor den~ii•y p, may be s•~Im,•tad by a lin12ar •=i";ein ofS~~~tha te~=.•. ovz• tb~ •ii•-H wa~e of p,..3•.nt concern. Co•i• 1-•run•,

' ~It i• ovide-nt thait the vapor d•.niit 7 yaz'iea 3lov~l7 in the asymptotic 7an•-!
corna,1r.d with t2•i b'ibbi3 V ,)n' so thiat the n23sThct of d p'/Jt €ornirard

jus tified.

ii

!)



Il. COMPARISON W171 A EXPERIMENT AND CONCLUSION

With the values of the constants given in Table II, radius-time curves

have been computed for water at 1 aMm for superheats in the range of 10o°C

to 106 0 C. These curves are presented in Fig. 1. Inasmuch as the delay period

may be chosen arbitrarily so far as these asymptotic solutions are concerned#

the time scale is determined only within an arbitrary constant which varies from

one curve to another. The actual spacing of the curves as presented was chosen

so that the time intercepts at R a 0, 04 cm were equally spaced.

Observations have been made by Dergarabedian 11 on the growth of

vapor bubbles in superheated watar. The comparison between the theoretical

curves and the observed values is shown in Figs. 2, 3, and 4. The theoreti-

cal curves were obtained by interpolation from the values graphed in Fig* 1.

The time origins for both the theoretical curves and the experimental points

are both arbitrary so that a time translation of the theoretical curve has been

made in each caze to give the best fit. The aareement is# however, seen to

be very wood. The importance of the CooUnZ effect i evidznt from Fi3j. 2

where the Rayleiah solution (Eq. (7)) is also shown.

Equation (35) 31ves for the leadinS term in the asymptotic v-3locit7

R 1/2 31/2 14T,- Tb)

%7:ilz thz zur:z" o0 t0'=3 aiv-n In Zq. (32b) is au11iciznt for hig;h accuricy in
th ranj•: of v-tlu.3 of R u•-ad in Fipa. 1 - 4, th2 l-a1,Uina t•.rm it. •'q. (3•.b) 13

in i•in1 b7 10 to 30',1 for tlr a=n42at v.lua3 of R. Thai laad-
I;%.., ý,i.-nn iU akti~zintly oimpI7, ho•wev3T 9%,a.t rou:;h phyaical -ar~umnnt

should 31v.•3 t~h osjntA• vj~iation ci •q. (37). Th3. ar~umznt i3 a3 follo-:-s:

At a tirn t at which tha bubb!3 radiu3 R i, much greater thrn Ro, tLh%

diii.r.-nca b2t-,ve.,in tha t-m.wi•atuw ir t%3 liquid at thz bubblbb will and that in

th:_ liquid at a dia 1-nce i3 only ali 3 hlly 1.3; than To - Tb. Th'. t.m-rz-ratuxe

drop talheo plba principally in a liquid layer around the bubbl3 of approximate

thic!n3a3 given by the dilfusion len-,th (D t)/ 2z The heat flow into th3 bubble

P. D ~rgarabdi.•.u, J. Appl. Mech., In pri,93,



per unit time is therefore given roughly by

U k (TOTb) 4WR a (38)

The heat requirement per unit time of evaporation, on the other hand is
d4 3'

L W LR p,),•,vR4wR 2 -L .t(39)

When (39) is equated to C35) there results

* k(TO -TU)
ROW -1(40)..L p, (D t)t/i 10

which agrees in order of magnitude with the leading term as given by Eq. (37).

Some experiments have recen•ly been performod by Der-r~abedian on

vapor bubble Srovth in pure CC 4 . At mnoderate superheatos its vapor.
pressure curve 1.3 zppro-dnaly parallel to that of w.-ter, displaced to lowr
t*n=peratuTzs. If th2 rates oi bubble gro'wth in thOse two UqUIda are com-

pared at tha same valu* o Uthm tzm.peratur2 dil-arence (T. - Tb), they should

thus be ronjhly in CiA ame 7211o a3 14L pt' D/2) for the two 1iquld3. This

conztnt i1 about 3 3 Srat•er in t7=r t in c.•bou t-trach1loxid-.

.. r.3rab..Uia ' )3?XVatOZ3 on bub1ae jro7'4hj are in Sood a2ra=.ef with
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APPZNDIX

Evaluation of thE. Tomperature Integral IEq. (33))

By difforentiating p(u) (Eq. (32b)) and substituting into the temperature
hiteiral there results, after a change of variable,

I~*U b b2

*n....).Z] "1 'l

oaw a + 2 i i +

w %

For 0 < :-s < , •{-i) > . tib• 13 •_! hy°arj•om-t.i¢ f'•.nc~ion

I b I* b& 1.

bndaran on thu thory of ao7•i: continuation, hoawypver, it m-ii

_uacelily be sho,.v that (c) is valid providid oniy that <1,• a#s 0, -1, -Z, *.
andFhanc tht (d) .oI1 • ior 0 <x:I R<) -1. Vr s K0, (d) i3

/

(1/ricl:, (OvT,12- I " a, . .,

I I I l l l l l l l l l l I i l+
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S. rMoaningluas, but gives a correct result undar a limiting procedurc. By
differentiating (d) with respect to t at s I/Z, one readily finds

Sn I W+ Sxz as x.40 (0

X I nV dv

With the aid of (d), (a), Eq. (a) therefore becomes

{ 1 +.89Z66 -7+.77306 -

b4  b, b6

+.74 4 Z76 + 2 6su0

.2 b{ b2  b4

(u - 4 0 ( I*%(U I- ,*

-I + 6 +,%
I (ul. -uo0 1b ul-Q o

&a., rza-rran32r-t, sev-ral term3 c.•nc3llin3. The r' .functiona appear-

in3 in (d) aave be',i cvalu-ated ntunerically in (1). By compariaon .iilh the

a,.-jipotic fo~rm for p(ut) o••'rq.(30) thV lait torm in (f) may b- writtan

( .o b)/ 3 - LPu

Inasrnuch as p(u,) I by a3urnmption, Eq. (f) reduces to Eq. (33) of the

* text.
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